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We examine a regime in which a linearly-polarized laser pulse with relativistic intensity irradiates a sub-
critical plasma for much longer than the characteristic electron response time. A steady-state channel is
formed in the plasma in this case with quasi-static transverse and longitudinal electric fields. These relatively
weak fields significantly alter the electron dynamics. The longitudinal electric field reduces the longitudinal
dephasing between the electron and the wave, leading to an enhancement of the electron energy gain from
the pulse. The energy gain in this regime is ultimately limited by the superluminosity of the wave fronts
induced by the plasma in the channel. The transverse electric field alters the oscillations of the transverse
electron velocity, allowing it to remain anti-parallel to laser electric field and leading to a significant energy
gain. The energy enhancement is accompanied by development of significant oscillations perpendicular to
the plane of the driven motion, making trajectories of energetic electrons three-dimensional. Proper electron
injection into the laser beam can further boost the electron energy gain.
I. INTRODUCTION
The rapid development and improvement of ultra-
intense laser pulses have opened new areas of physics for
fundamental research and have also enabled novel tech-
nological applications. Relativistically intense (I > 1018
W/cm2) laser pulses readily ionize matter converting it
into a plasma. The interaction with the plasma elec-
trons is the primary channel for the energy transfer from
the laser pulse, providing the basis for a wide range of
phenomena and applications. Specifically, generation of
copious relativistic electrons is the key to x-ray1,2 and
secondary particle sources, such as energetic ions4, neu-
trons3, and positrons5. It is therefore critical to under-
stand what controls the generation of relativistic elec-
trons in relevant regimes of laser-plasma interactions.
It is well recognized that the regime in which a rel-
ativistically intense laser pulse irradiates a sub-critical
plasma is optimal for generating relativistic electrons.
The pulse can propagate through such a plasma, which
enables an extended interaction length with the electrons.
In experiments aimed at x-ray generation, this regime
is deliberately achieved by using an expanding gas jet2.
This regime can also naturally arise in experiments with
solid density targets irradiated by a powerful laser pulse
due to the presence of a prepulse4. The prepulse often de-
livers a considerable amount of energy, causing the front
of the target to expand and form an extended subcritical
preplasma prior to the arrival of the main pulse.
The important role played by the interaction of the
main pulse with the preplasma in generating an energetic
electron population in experiments with initially solid-
density targets was however not immediately recognized.
This is in part due to the fact that in some setups the
role of the prepulse can also be detrimental. It is the case
in experiments aimed at ion acceleration, where the pre-
expansion at the surface of a thick bulk target caused by
the prepulse significantly reduces the effectiveness of ion
acceleration6,7. Recently, the focus of the ion accelera-
tion research has markedly shifted towards those regimes
in which the target becomes transparent to the main rel-
ativistically intense pulse and the electron acceleration
and heating can be fully utilized8,9. Such a regime is
achieved by employing an initially ultra-thin target that
significantly expands during the pre-pulse and forms a
relativistically transparent plasma extending many wave-
lengths along the direction of the laser beam propaga-
tion. The same regime has also been used to generate
energetic electrons that are subsequently converted into
a short neutron beam3.
How energetic electrons are generated strongly de-
pends on the duration of the main laser pulse. In most
setups aimed at producing secondary particle sources, the
laser pulse irradiates the plasma over a time period that
is longer than the characteristic electron response time.
This regime is the opposite to the regime used for the
wakefield acceleration10. As a consequence, the laser
pulse establishes a quasi-steady-state structure in the
plasma that slowly evolves on an ion time scale11–13. By
expelling some of the electrons radially, the laser creates
a positively charged elongated channel in the plasma with
quasi-static transverse and longitudinal electric fields.
New electrons are continuously injected into the chan-
nel, typically through the channel opening14,15, and then
get accelerated and pushed forward by the laser pulse in
the presence of the quasi-static fields.
ar
X
iv
:1
60
2.
08
75
8v
1 
 [p
hy
sic
s.p
las
m-
ph
]  
28
 Fe
b 2
01
6
2y 
[µ
m
] 
x [µm] 
y 
[µ
m
] 
!
ne nc
! Ey E0
! Ex E0
! Bz B010  
0  
-10  
10  
0  
-10  
0  10  -10  20  30  40  50  60  70  80  
x [µm] 
0  10  -10  20  30  40  50  60  70  80  
0  1.5  -1.5  
×10-2  
0  -7  -3.5  
×10-3 
0.01  0.02  0  
0  8  -8  
×10-3  
!
je e ncc
1  2  0  ×10-3  
! Ex = −3.5×10−3E0
FIG. 1. Steady-state channel produced in a sub-critical plasma by a long laser pulse. The panels show snapshots at 1 ps of
electron density (upper left), total electron current density (upper right), transverse and longitudinal electric fields (lower left),
and transverse magnetic field (lower right) averaged over ten laser periods. The upper left panel also shows instantaneous total
electric field.
The described regime is often broadly referred to as
the direct laser acceleration regime. In terms of appli-
cations, it is critical to know what controls the electron
energy gain. Early work on the topic16 indicated that
the transverse static electric field can be beneficial for
enhancing the electron energy gain beyond what is ex-
pected from a single electron irradiated by a plane wave
in a vacuum. Recently, there has been a renewed inter-
est in the direct laser acceleration of electrons, as exper-
imental groups shift their focus to regimes of relativistic
transparency and also try to optimize the preplasma con-
ditions using multiple laser pulses17. Recent simulation
results have also demonstrated that the direct laser ac-
celeration can be important in the context of the laser
wakefield acceleration18,19.
In this paper, we examine the role played by transverse
and longitudinal quasi-static electric fields present in a
plasma channel in enhancing the electron energy gain
from the laser pulse. We also address the role of electron
injection into the laser beam and the limitations imposed
by the super-luminosity of the laser field that is induced
by the channel. This paper is based on a body of work
performed by us over the last couple of years14,20–24 and
is designed to serve in part as an overview of some novel
aspects of the direct laser acceleration. Here we focus on
illustrating the key qualitative concepts and phenomena,
while providing references to those publications where
one can find more detailed technical analysis.
II. STEADY-STATE CHANNEL
The nature of the laser-plasma interaction strongly de-
pends on the amplitude of the irradiating laser pulse and
on the electron density of the irradiated plasma. It is
convenient to use a dimensionless parameter
a0 ≡ |e|E0
meωc
(1)
to quantify the impact of a laser pulse with electric field
amplitude E0 and frequency ω on electron motion. Here c
is the speed of light and e and me are the electron charge
and mass. The parameter a0 is often referred to as the
normalized laser amplitude. It is roughly the ratio of the
transverse electron momentum induced by the oscillating
laser electric field to mec. Therefore, a laser pulse with a
normalized amplitude of a0 ≥ 1 would induce relativistic
electron motion.
The electron density in the plasma determines whether
the laser pulse can propagate into the plasma and acceler-
ate plasma electrons. The cut-off for a pulse with a0  1
occurs at a critical density,
nc ≡ meω
2
4pie2
, (2)
for which the electron plasma frequency ωpe =√
4pinee2/me becomes equal to the frequency of the laser
pulse. At laser amplitudes a0 ≥ 1, the plasma can be-
come relativistically transparent at electron densities ex-
ceeding the critical density nc. The adjusted critical den-
sity in this case depends on the amplitude of the irra-
diating laser pulse, because the effect is caused by the
relativistic motion of electrons in the strong field of the
laser.
The optimal regime for generating copious relativistic
electrons is then the regime in which a relativistic am-
plitude laser pulse (a0 > 1) irradiates an extended sub-
critical plasma (ne < nc). In order to illustrate the key
features of the laser-plasma interaction in this regime, we
have performed a two-dimensional (2D) particle-in-cell
3(PIC) simulation whose results are shown in Fig. 1. In
this simulation, a uniform sub-critical plasma with initial
electron density ne = 0.01nc is irradiated by a laser beam
with wavelength λ = 1 µm whose amplitude ramps up
to a0 = 8.5 and then remains constant. The laser pulse
propagates along the x-axis and it is linearly polarized,
with the laser electric field polarized in the (x, y)-plane.
The ions were kept immobile in this simulation to dis-
tinguish more clearly the effect of the long laser pulse.
Detailed parameters of the simulation are given in Ap-
pendix A.
As the pulse enters the plasma, its ponderomotive force
begins to expel some of the electrons out of the laser
pulse in the transverse direction producing a channel.
The un-neutralized ion charge generates a counteracting
force that, in the example shown in Fig. 1, prevents the
channel from becoming fully evacuated.
The laser pulse produces and maintains a steady-state
channel if the pulse duration exceeds the characteris-
tic electron response time. The snapshot of the elec-
tron density in Fig. 1 taken at 1 ps illustrates such a
channel. The positively charged elongated channel gen-
erates quasi-static transverse and longitudinal electric
fields shown in the lower-left panel of Fig. 1. The fields
have been averaged over ten laser periods and they are
normalized to the electric field amplitude E0 of a plane
wave with a0 = 8.5, which is essentially the amplitude
of the electric field in the laser pulse. The time-averaged
electric fields are relatively small compared to the am-
plitude of the oscillating laser electric field that is also
present in the channel.
Once the steady-state channel structure is established,
new electrons are continuously injected into the channel
through the opening. This is particularly clear from the
snapshot of the time-averaged current density, whose ab-
solute value is shown in the upper-right panel of Fig. 1.
The injected electrons are accelerated and pushed for-
ward by the laser pulse, producing a steady-state elec-
tron current in the channel. This current generates a
quasi-static transverse magnetic field directed in and out
of the plane of the simulation (along the z-axis). The
return current flowing outside of the channel causes for
the magnetic field to be localized inside the channel, as
shown in the lower-right panel of Fig. 1. The plotted
time-averaged field is normalized to the magnetic field
amplitude B0 of a plane wave with a0 = 8.5. The quasi-
static magnetic field is also relatively weak in this regime,
as it is less that 1% of the magnetic field in the laser pulse.
The presented example illustrates that, in a sub-
critical plasma irradiated by a long laser pulse, electron
acceleration takes place in a positively charged channel
in the presence of extended transverse quasi-static elec-
tric and magnetic fields and a localized quasi-static lon-
gitudinal electric field. These fields are relatively small
compared to the fields in the laser pulse, not exceeding
a few percent. It is then somewhat unexpected that,
for example, the transverse electric field can significantly
enhance the electron energy gain16. As we show in the
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FIG. 2. Trajectory of an electron accelerated in a vacuum by
a plane linearly polarized wave with a0 = 8.5. Color-coded is
the electron longitudinal momentum.
following sections, the transverse and longitudinal elec-
tric fields can synergistically enhance the electron energy
gain, with a well-pronounced threshold, well beyond the
energy gain that one would expect in the absence of these
fields.
III. ELECTRON ACCELERATION IN A VACUUM
In order to provide the context for the discussion of the
electron acceleration in the channel, we briefly review the
key features of the electron motion in a vacuum where no
static electric or magnetic fields are present. Specifically,
we consider a single electron that is initially at rest. It
is irradiated by a plane electromagnetic wave whose nor-
malized amplitude gradually increases from zero to a0.
In what follows, we refer to this regime as the vacuum
regime.
The electron moves according to the following equa-
tions:
dp
dt
= −|e|E− |e|
γmec
[p×B] , (3)
dr
dt
=
c
γ
p
mec
, (4)
where γ =
√
1 + p2/m2ec
2 is the relativistic factor, r and
p are the electron position and momentum, and t is the
time. In the regime under consideration, E and B are the
electric and magnetic fields of the wave. It is convenient
to express these fields in terms of a normalized vector
potential a,
Ewave = −mec|e|
∂a
∂t
, (5)
Bwave =
mec
2
|e| [∇× a] . (6)
In the case of a plane wave with wave-length λ prop-
agating along the x-axis, the vector potential is only a
function of a normalized phase
ξ =
2pi
λ
(x− ct) . (7)
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FIG. 3. Electron trajectory (upper panel) and the γ-factor
(lower panel) as functions of the phase variable ξ in a pulse
with a0 = 8.5. The color coding is the amplitude of the laser
electric field. The arrows show the direction of the transverse
electron velocity along the trajectory.
Without any loss of generality, we assume that the laser
electric field is polarized along the y-axis. In this case, the
vector potential a only has a y-component. We consider
a pulse with a = a0F (ξ) sin(ξ), where a0 is the maxi-
mum normalized amplitude and F (ξ) is a slowly varying
envelope that ramps up from zero to unity.
Figure 2 shows an electron trajectory for a pulse with
a0 = 8.5 obtained by solving Eqs. (3) and (4) numerically.
It illustrates the qualitative change that takes place at
relativistic wave amplitudes of a0 ≥ 1. At a0  1, the
dominant force experienced by the electron is the force
from the electric field of the wave. As a result, the elec-
tron oscillates across the laser pulse, while its longitudi-
nal displacement is negligible. At a0 ≥ 1, the momentum
oscillations induced by the laser electric field become rel-
ativistic and, as a consequence of this, the Lorentz force
becomes important. This force causes longitudinal elec-
tron motion that leads to a trajectory shown in Fig. 2.
Even though the energy from the laser pulse is trans-
ferred to the transverse electron oscillations, the Lorentz
force converts most of this energy into the longitudi-
nal electron motion. Indeed, an analytical solution of
Eqs. (3) and (4) yields25
px /mec = a
2
/
2, (8)
py /mec = a. (9)
The electron moves along a parabola in the momentum
space, with px  |py| for a0  1. The maximum γ-factor
that the electron can reach is thus given by
γvac = 1 + a
2
0
/
2. (10)
The change of the longitudinal electron momentum along
the electron trajectory is shown in Fig. 2.
The energy gain is limited by the dephasing between
the electron and the wave. This aspect is illustrated in
Fig. 3, where the electron trajectory and the γ-factor are
shown as functions of the phase variable ξ. In the up-
per panel, the color-coding shows the amplitude of the
laser electric field normalized to its maximum amplitude
E0. The phase of the wave at the electron location, ξ,
continuously decreases, because the electron longitudinal
velocity is less than the phase velocity c. The electron,
shown with a circle, is slipping with respect to the laser
wave fronts, thus moving to the left in the upper panel.
At ξ/2pi = −12, the electron transverse velocity (shown
with arrows) is anti-parallel to the laser electric field, so
the electron is gaining energy from the laser pulse. As
the electron continues to slip, the laser electric field even-
tually changes its sign at ξ/2pi = −12.25 and becomes
positive. At this point, the electron transverse velocity
is still positive and the electron starts to lose its energy.
This positive field continues to reduce the transverse elec-
tron velocity until it becomes negative at ξ/2pi = −12.5,
at which point the electron begins to gain energy again.
The electron experiences energy gain twice every laser cy-
cle, as evident from the plot of the γ-factor in Fig. 3. It is
worth pointing out that the electron comes momentarily
to a complete stop also twice every laser cycle. The lon-
gitudinal distance that the electron travels between the
stops to achieve γ = γvac is much longer than the laser
wavelength due to the fact that the electron is moving
forward and it can be estimated as γvacλ/4.
The discussed mechanism of electron acceleration and
energy gain in the vacuum regime suggests that, in prin-
ciple, there are two alternatives for further enhancing the
electron energy gain. One option is to decrease the de-
phasing between the electron and the wave, allowing the
transverse electron velocity to remain antiparallel to the
laser electric field for longer in terms of the actual time.
The second option is to change the oscillations of the
transverse velocity, so that there is a net energy gain by
the electron after a laser cycle. In what follows, we show
how these scenarios can be realized utilizing relatively
weak static longitudinal and transverse electric fields.
IV. ROLE OF THE QUASI-STATIC LONGITUDINAL
ELECTRIC FIELD
As discussed in Sec. II, one of the key features of the
steady-state channel is the continuous injection of new
electrons through the channel opening with a quasi-static
longitudinal electric field. This aspect raises the question
of the impact of the quasi-static longitudinal electric field
on subsequent electron energy gain during acceleration
by the laser pulse along the channel.
In order to pinpoint the effect of the longitudinal elec-
tric field, we begin by considering electron motion in a
vacuum using the same setup as in Sec. III, but with an
added narrow region ∆x of a uniform longitudinal static
electric field E∗. Figure 4 shows numerical solutions of
Eqs. (3) and (4) for E∗ = −0.05E0 and ∆x = 2λ, where
E0 is the electric field amplitude of the laser pulse. The
laser pulse amplitude is again a0 = 8.5 following a grad-
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FIG. 4. Momentum of an electron before, during, and after
crossing a region with a static electric field E∗ = −0.05E0
that is ∆x = 2λ long. The only difference between the two
cases is the location of the field region.
ual initial ramp-up. The difference between the two ex-
amples shown in Fig. 4 is the location of the field region
along the electron trajectory. In the first example (left
panel), the interaction takes place when the electron mo-
mentum is close to its maximum value. The subsequent
change in the maximum electron momentum after the in-
teraction is insignificant. This result is in agreement with
the expectation that the localized field we are considering
is too weak to transfer significant energy to the electron.
In the second example (right panel), the interaction takes
place as the electron comes to a stop. In stark contrast
to the previous example, the maximum electron energy
more than doubles during the motion in the wave after
the interaction.
The key role of the longitudinal electric field in these
examples is not to directly increase the electron energy,
but rather to decrease the electron dephasing with the
wave. We define the dephasing,
R ≡ − 1
ω
dξ
dτ
, (11)
as the rate at which the wave phase at the electron loca-
tion, ξ, changes with proper time, τ , defined as
dτ
dt
=
1
γ
. (12)
It follows directly from the definition of ξ given by Eq. (7)
that
R = γ − px /mec . (13)
The quantity γ − px/mec is conserved by Eqs. (3) and
(4) in the absence of the static electric field, which means
that the dephasing defined by Eq. (11) is constant before
and after the interaction with the longitudinal field. It
can also be shown that during the interaction the static
field reduces the dephasing at the rate14,22
dR
dξ
=
|e|E∗
mec
(14)
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FIG. 5. Snapshot of a normalized electron spectrum at t =
950 fs from a 2D PIC simulation with a0 = 8.5 and ne =
0.05nc.
that is independent of the laser pulse amplitude.
The reduced dephasing allows the electron to spend
more time being accelerated by the wave and thus gain
more energy from the laser pulse. As shown in Fig. 3
of Sec. III, the acceleration continues before the phase
decreases by ∆ξ = −pi/2. A reduction in the dephasing
then means that the corresponding proper time interval
∆τ of electron acceleration is indeed longer [see Eq. (11)].
The maximum γ-factor that the electron with reduced
dephasing achieves14,22 is
γmax ≈ R−1γvac. (15)
Not all parts of the electron trajectory are equivalent
in terms of the dephasing change induced by the longitu-
dinal field. The reason for that is the strong dependence
of the dephasing on the longitudinal momentum. For
simplicity, let us assume that that the electric field in-
stantaneously increases the longitudinal momentum by
∆px. Prior to the interaction, we have
R = γ − px /mec ≈ p2y
/
2px = 1. (16)
Here we used expressions (8) and (9) for the electron
momentum in the vacuum regime. Assuming that ∆px
is smaller than px and py, we find from Eq. (13) that the
dephasing is reduced to
R ≈ 1− ∆px/ px. (17)
Evidently, the most favorable parts of the electron tra-
jectory for reducing the dephasing are those parts where
the longitudinal momentum is the lowest. This aspect is
at work in the two examples shown in Fig. 4, where the
dephasing drops to R = 0.47 on the right and only to
R = 0.87 on the left. The resulting energy increase in
both cases is in good agreement with Eq. (15).
In order to examine how this mechanism is realized in a
plasma channel, we have performed a 2D PIC simulation
in which a long laser pulse with an electric field polarized
perpendicular to the plane of the simulation irradiates a
plasma slab with ne = 0.05nc. Detailed parameters of
the simulation are given in Appendix A. The normalized
laser amplitude is a0 = 8.5, so the γ-factor in the vacuum
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FIG. 6. Trajectory of an accelerated electron in a channel.
Upper panel shows the trajectory, with color-coded γ, on top
of the time-averaged electron density profile. The lower panel
shows the trajectory, with the color-coded dephasing rate R =
γ − px/mec, on top of the time-averaged longitudinal electric
field. The field and the density are averaged over ten laser
periods at 850 fs.
regime would be limited by γvac ≈ 37. However, the
electron spectrum in the plasma, as seen in Fig. 5, has a
pronounced energetic electron tail with γ > γvac.
A trajectory of one of the energetic electrons is shown
in Fig. 6 together with a time-averaged electron density
profile and longitudinal electric field. The electron is in-
jected into the channel near the opening and initially
moves against the laser pulse. The electron typical γ-
factor at this stage is comparable to a0. The quasi-static
negative electric field, that is present in the channel open-
ing, gradually turns the electron around. As the electron
starts to move in the direction of the laser pulse propaga-
tion, the regime becomes similar to that considered ear-
lier in this Section. The longitudinal electric field causes
the dephasing rate to decrease, as shown in the lower
panel of Fig. 6. Similarly to the simplified example, the
significant drop in the dephasing occurs as the γ-factor
reaches its minimum at t = 877 fs.
The energy increase takes place as the electron contin-
ues its longitudinal motion into the channel after leaving
the region with a negative quasi-static electric field. The
reduced dephasing is evident not only from the color-
coding in the lower panel of Fig. 6, but also from the
lack of oscillations in pz in Fig. 7. The electron γ-factor
peaks at t = 950 fs, roughly 20 µm after the energy in-
crease began. It exceeds γvac by a factor of 2.3. Most
of the energy comes directly from the laser electric field
and not from the longitudinal field, as shown in the upper
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FIG. 7. Electron γ-factor and momentum components as
functions of time for the electron trajectory shown in Fig. 6.
The upper panel also shows the integrated contribution to the
γ-factor from the work done by the laser electric field.
panel of Fig. 7. The laser contribution to the γ-factor is
calculated by integrating the work done by Ez and nor-
malizing it to mec
2.
Role of the superluminal phase velocity
We have so far assumed that the phase velocity in the
laser pulse, vph, is equal to the speed of light, c. How-
ever, the plasma in the channel and the channel itself
cause dispersion, making the phase velocity superlumi-
nal, vph > c. The effect of the superluminosity is faster
dephasing between the electron and the wave and, as a
result, lower energy gain from the wave.
The superluminosity must be taken into account if it
leads to a significant change in the dephasing. In general,
the dephasing is determined by by the difference vph−vx.
We can then conclude that the superluminosity becomes
important for vph−c ≥ c−vx, whereas we can set vph = c
for vph−c c−vx. Using the definitions R = γ−px/mec
and vx = px/γme, we find that
c− vx = cR/ γ. (18)
In the case when vph = c, the γ-factor is given by
Eq. (15). Taking into account this estimate and the ex-
pression for γvac, we find that the role of the superlumi-
nosity is negligible for23
vph − c
c
 R
2
a20
. (19)
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FIG. 8. Wavefronts in a window moving with the speed of
light along the axis of the channel. Here x∗ is the location
of the center of the window. The field is normalized to the
electric field amplitude E0 of a plane wave with a0 = 8.5. The
dashed lines represent wavefronts moving with two different
superluminal phase velocities vph.
Ultimately, the superluminosity sets a limit on the en-
ergy gain from the wave. It follows from Eq. (19) that
there is a critical value for R = γ − px/mec, given by
R∗ = a0
√
vph − c
c
. (20)
For R R∗, the dephasing between the electron and the
wave is determined primarily by the difference vph−c and
the difference between the electron longitudinal velocity
and the speed of light is unimportant. This means that
even if the longitudinal electric field lowers R well below
R∗, the maximum γ-factor that the electron can achieve
will be approximately limited by
γmax ≈
√
1
a0
c
vph − cγvac, (21)
which was estimated from Eq. (15) by setting R = R∗.
In order to examine the conditions (19) and (21) for
the simulation shown in Fig. 6, we have plotted the wave-
fronts in a window moving with the speed of light along
the axis of the channel. Figure 8 shows the wave electric
field Ez on the axis of the channel in a window that is
6λ wide. The center of the window, located at x = x∗,
slides the entire length of the channel shown in Fig. 6
(note that λ = 1 µm in the simulation). The two dashed
lines indicate wavefront slopes for vph−c = 2×10−3c and
vph−c = 2.5×10−2c. Inside the channel we then approx-
imately have vph−c = 2×10−3c. The corresponding crit-
ical dephasing is R∗ ≈ 0.38 and the maximum γ that can
be attained by accelerating electrons is γmax ≈ 2.6γvac,
which translates into γmax ≈ 98 for a0 = 8.5.
In the light of these estimates, a closer look at the
electron data shown in Figs. 6 and 7 reveals that the su-
perluminosity likely plays a role in limiting the electron
energy gain. The dephasing rate R shown in Fig. 6 falls
to R ≈ 0.1 along the electron trajectory, which could lead
to a factor of ten increase of the γ-factor compared to γvac
for vph = c. However, our estimates show that reduction
x 
y 
z incoming'wave'
electron'
FIG. 9. Setup used to examine the role of the transverse
static electric field. The laser electric field is polarized in the
(x, y)-plane.
of the dephasing below R∗ ≈ 0.38 no longer leads to an
enhancement of the γ-factor, capped at γmax ≈ 98, be-
cause of the superluminosity. This is in good agreement
with the γ-profile shown in the upper panel of Fig. 7.
Finally, it is worth pointing out that heating of the
bulk electrons in the channel to relativistic energies sig-
nificantly reduces the superluminosity. The phase veloc-
ity of a linear electromagnetic wave propagating through
a cold non-relativistic plasma with electron density ne
is vph/c = (1− ne/nc)−1/2. We then should expect
(vph − c)/c ≈ 2.6 × 10−2 for ne = 0.05nc used in the
simulation. The corresponding wavefront should follow
the right dashed line in Fig. 8. The actual vph − c is
smaller by an order of magnitude, which clearly indicates
that the critical density that determines the phase veloc-
ity is effectively lowered by an order of magnitude due
to relativistic motion induced in the channel by the laser
pulse. This so-called relativistic transparency enables the
electron energy gain enhancement by reducing the super-
luminosity and thus reducing the critical dephasing given
by Eq. (20).
V. ROLE OF THE QUASI-STATIC TRANSVERSE
ELECTRIC FIELD
Inside the channel, the electron acceleration by the
laser pulse takes place in the presence of a relatively weak
quasi-static transverse electric field. In order to examine
the role played by such a field, we consider just a single
electron irradiated by a plane electromagnetic wave in a
fully evacuated cylindrical ion channel shown in Fig. 9.
The electron dynamics in this model is described by
Eqs. (3) and (4), where the electric and magnetic fields
are given. These fields are a superposition of the fields of
the wave given by Eqs. (5) and (6) and the electric field
of the channel,
Echany = meω
2
p0y
/
2|e|, (22)
Echanz = meω
2
p0z
/
2|e|, (23)
where ωp0 ≡
√
4pin0e2/me. We have assumed for sim-
plicity that the channel is an infinitely long uniform cylin-
der that consists of immobile singly-charged ions with
density n0.
8It can be shown that, as the electron moves along the
channel, the following quantity remains conserved
I0 = γ − px
mec
+
ω2p0
4c2
(
y2 + z2
)
= const. (24)
This relation indicates that amplification of electron os-
cillations across the channel leads to a reduction of
γ − px/mec. Since px is the dominant component of the
electron momentum, a significant reduction of γ−px/mec
implies a significant increase of px. Therefore, the rela-
tion (24) formally points at a direct connection between
enhancement of transverse oscillations and a significant
increase of the longitudinal electron momentum.
The integral of motion (24) sets an upper limit for
the amplitude of the transverse oscillations across the
channel. The value of I0 is determined by the initial
conditions, so that I0 = 1 for an on-axis electron that is
initially at rest. We find from Eq. (24) that the amplitude
of the electron oscillations cannot exceed
rmax =
λ
pi
ω
ωp0
(25)
for I0 = 1. The amplitude of the oscillations approaches
rmax as px/mec→∞ and γ − px/mec→ 0.
It is important to distinguish transverse electron oscil-
lations in the y and z directions, because the motion
in the y-direction is driven by the laser electric field,
whereas the motion in the z-direction is only affected
by the electric field of the channel. We first focus on
the key aspects of the driven electron oscillations. We
consider an electron that has no initial displacement or
momentum in the z-direction, so that the electron tra-
jectory driven by the laser pulse remains flat, with the
electron moving only in the (x, y)-plane.
Driven motion across the channel
The equation for the electron motion across the chan-
nel can be written in the form that resembles an equation
for a driven oscillator21:
d2y
dτ2
+ Ω2y = c
da
dτ
, (26)
where
Ω ≡
√
γ/2ωp0 (27)
and τ is the proper time defined by Eq. (12). The
wave amplitude is a function of the phase variable ξ that
changes at the rate
− 1
ω
dξ
dτ
= γ − px
mec
. (28)
There are two characteristic frequencies in this case:
the frequency of the oscillations induced by the field of
the channel electric field and the frequency of the oscilla-
tions induced by the field of the laser pulse. The former
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FIG. 10. Trajectory (upper panel) and the γ-factor (lower
panel) of an electron irradiated by a plane wave with a0 =
11.5 in a channel whose ion density corresponds to ωp0/ω =
0.016. The color coding is the amplitude of the laser electric
field. The arrows show the direction of the transverse electron
velocity along the trajectory.
is the natural frequency Ω. The latter is equal to ω in
the vacuum regime, because γ − px/mec = 1 and, as a
result, dξ/dτ = −ω. According to Eq. (24), the relation
dξ/dτ ≈ −ω holds in the presence of the transverse elec-
tric field as well while the amplitude of the transverse
oscillations is much smaller than rmax.
At low channel densities, such that Ω  ω, the chan-
nel electric field has very little impact on the electron
motion. The frequency mismatch means that a resonant
interaction that can lead to an amplification of the trans-
verse oscillations is not possible. The electron motion
is essentially the same as in the vacuum regime, with
γ ≈ γvac. The characteristic amplitude of the transverse
oscillations, estimated as ∆y ≈ ca0/ω from Eq. (26), is
indeed much smaller than rmax for Ω ω and γ ≈ γvac.
At higher channel densities for which the two char-
acteristic frequencies become comparable, Ω ∼ ω, the
channel electric field becomes capable of significantly
changing the phase of the transverse oscillations, which
causes their amplitude to grow. The change of phase
after significant amplification of the transverse oscilla-
tions has already taken place is illustrated in Fig. 10,
where the electron trajectory and the γ-factor are shown
as functions of the phase variable ξ. In this example,
the electron is initially at rest on the axis of the chan-
nel (x = y = z = 0) whose ion density corresponds to
ωp0/ω = 0.016. The electron is irradiated by a plane
wave with a(ξ) = a0 cos(ξ) and a0 = 11.5. The up-
per panel of Fig. 10 shows that the channel electric field
changes the oscillations of the transverse electron veloc-
ity, allowing it to remain anti-parallel to the laser electric
field over extended segments of the electron trajectory
marked with white. As a result, there is a net energy gain
each laser cycle for −6.25 > ξ/2pi > −8.75 that leads to a
significant increase of the relativistic γ-factor well above
9!ω p0 ω
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FIG. 11. Maximum γ-factor attained by an electron irradi-
ated by a plane wave with amplitude a0 in a channel with
ion density n0 (ωp0 =
√
4pin0e2/me). In the upper panel,
G = a0ωp0/ω and γvac = 1 + a
2
0/2.
what can be achieved in the vacuum regime illustrated
in Fig. 3. Note that (rmax − max |y|)/rmax ≈ 5 × 10−5
along this segment of the electron trajectory. The exam-
ple in Fig. 10 confirms that a significant increase of the
γ-factor goes hand in hand with the enhancement of the
transverse oscillations.
In order to determine the conditions for the energy en-
hancement, we have performed a parameter scan solving
Eqs. (3) and (4) numerically for a wide range of param-
eters a0 and ωp0/ω that specify the fields acting on the
electron. In all the cases, the electron is initially at rest
on the axis of the channel and the laser pulse amplitude
gradually ramps up as
a(ξ) =
{
a0 exp[−(ξ − ξ0)2/2σ2] sin(ξ), for ξ > ξ0;
a0 sin(ξ), for ξ ≤ ξ0
(29)
where ξ0 = −50 and σ = 20. The maximum γ-factor,
γmax, that the electron attains for different sets of pa-
rameters a0 and ωp0/ω is shown in Fig. 11, where γmax
is normalized to the maximum γ-factor in the vacuum
regime, γvac, for the same laser amplitude a0.
The energy enhancement has a sharp threshold, as fur-
 !
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FIG. 12. The maximum γ-factor attained by injected elec-
trons. The laser amplitude in all the cases is a0 = 8.5.
The initial injection phase defines the initial wave amplitude,
a = a0 sin(ψ0).
ther illustrated by the lineouts in Fig. 11 for three dif-
ferent values of a0. The lineouts for a0 = 8 and a0 = 15
indicate that the threshold and the energy gain above
the threshold are determined by a single dimensionless
combination
G ≡ a0ωp0/ω. (30)
The contours of constant G plotted in the upper panel
of Fig. 11 with dashed lines confirm that this is indeed a
general trend for a0 > 5.
The existence of the threshold that depends only on
a0ωp0/ω was first discovered in Ref. [20] and then ex-
plored in more detail in Ref. [21]. The dimensionless
parameter G is the ratio of the frequencies of oscillations
induced by the field of the channel and by the field of the
laser prior to a significant energy enhancement. Indeed,
taking into account that the electron γ-factor in this
regime is essentially γvac, we find that Ω/ω ∝ a0ωp0/ω
for a0  1. Currently, the dependence of γmax on G
above the threshold remains a robust numerical observa-
tion that requires an in-depth theoretical analysis.
Role of electron injection
In the scan presented in Fig. 11 we have considered the
case where initially the electron is already in the chan-
nel, but the laser pulse has not yet reached the electron
location longitudinally. On the other hand, in the steady-
state channel discussed in Sec. II and illustrated in Fig. 1,
electrons are injected into the channel from the side with
the laser beam already present in the channel. This raises
the question regarding the role of electron injection in de-
termining both the threshold and the energy gain.
We test the role of injection by seeding an electron
without any initial momentum into a plane wave with a
given initial phase. Specifically, the wave amplitude is set
to a(ξ) = a0 sin(ψ0−ξ), where ψ0 is the phase of the laser
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FIG. 13. Electron trajectories with and without an initial
displacement (lower and upper panels) out of the plane of the
driven oscillations. The wave electric field is polarized in the
(y, z)-plane (shown in light-blue).
pulse at the moment of injection defined as ξ = 0. The
electron is placed onto the channel axis at the moment
of injection. Figure 12 shows how the maximum γ-factor
attained by the electron depends on the injection phase
ψ0 and the ion density in the channel. We show only the
range of initial phases 0 ≤ ψ0 ≤ pi, because the plot for
pi ≤ ψ0 ≤ 2pi is identical.
The energy enhancement threshold is present for all the
injection phases in Fig. 12, but the location of the thresh-
old is sensitive to the injection phase. The threshold is
the lowest when initially the electric field of the wave is
equal to zero, Ewave = 0. Since the wave amplitude is
fixed, this means that the injection phase determines the
value of the parameter G at the threshold. It should also
be pointed that the energy gain increases as the threshold
becomes lower. Therefore, we can conclude that proper
electron injection into the laser beam can significantly
enhance the electron energy gain from the wave, while
lowering the corresponding threshold determined by the
product a0ωp0/ω.
Free oscillations across the channel
We have so far deliberately limited the electron mo-
tion to the plane of the driven oscillations by placing
the electron initially on the axis of the channel. Small
off-axis displacements in the absence of the laser pulse
lead to small free oscillations across the channel since
the restoring force is no longer equal zero. In what fol-
lows, we examine how the out-of-plane oscillations evolve
in the presence of a laser pulse with relativistic amplitude
a0  1.
The equation for the the out-of-plane oscillations can
be directly obtain from Eq. (26) by taking into account
that the channel is cylindrically symmetric. By setting
the right-hand side to zero and replacing y with z we
obtain an equation,
d2z
dτ2
+ Ω2y = 0, (31)
that resembles an equation for an oscillator with a natu-
ral frequency Ω.
The free oscillations along the z-axis are coupled to
the driven electron motion in the (x, y)-plane via the rel-
ativistic γ-factor, Ω ∝ √γ. As long as the amplitude
of the free oscillations remains small, the γ-factor is de-
termined predominantly by the driven motion. Taking
the γ-factor in the vacuum regime shown in Fig. 3 as
an example of the driven motion, we can conclude that
the driven motion affects the natural frequency Ω in two
ways: it increases the natural frequency roughly by a fac-
tor of a0 for a0  1 and it also strongly modulates the
natural frequency. The first aspect has been discussed in
detail earlier in this Section and it is responsible for the
onset of the significant energy enhancement.
The modulation of the natural frequency can make the
free oscillations along the z-axis parametrically unstable.
The γ-factor modulations effectively modulate the restor-
ing force acting on the oscillator described by Eq. (31). It
is then intuitively clear that the oscillations remain sta-
ble as long as the modulation frequency is much higher
than the natural frequency Ω. The oscillations become
unstable when the two frequencies become comparable.
As already discussed, the driven electron motion below
the energy enhancement threshold can be approximated
by the solution for the vacuum regime. We again con-
sider an electron that is irradiated by a plane wave in
the channel and assume that the initial displacement is
much smaller than rmax. In this case, τ ≈ −ξ/ω and
we then find from the γ profile shown in Fig. 3 that the
modulation frequency is ωmod ≈ ω. On the other hand,
significantly below the threshold we have Ω ω, as evi-
dent from Fig. 11. Therefore, free oscillations should be
stable below the threshold.
As we cross the threshold by increasing the ion density,
two important changes in the dependence of the γ-factor
on τ take place. The γ-factor is significantly increased,
which greatly increases the natural frequency. In addi-
tion to that, the modulations of the γ-factor become less
frequent. This is because the peaks of enhanced γ act
as modulations and they take multiple laser cycles to
develop. The combination of these two factors changes
the relation between the two characteristic frequencies to
Ω  ωmod. We therefore conclude that the energy en-
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hancement changes the stability of the free oscillations,
making them susceptible to the parametric instability.
A parameter scan over the same range of a0 and ωp0/ω
as in Fig. 11 reveals that there is a threshold for the
amplification of the free transverse oscillations24. This
threshold matches the energy enhancement threshold
(dashed line in Fig. 11), because the energy enhancement
triggers the growth of the electron oscillations along the
z-axis. The amplitude of the free oscillations grows until
it becomes comparable to rmax.
The amplitude of the driven oscillations, i.e. the
oscillations along the y-axis, also has an enhancement
threshold that matches the energy enhancement thresh-
old as well. We find that, in general, the electron en-
ergy enhancement is accompanied by a considerable en-
hancement of the transverse oscillations across the chan-
nel, making the electron trajectory considerably three-
dimensional with the maximum displacement comparable
to rmax. To illustrate this point, we show in Fig. 13 elec-
tron trajectories for a0 = 8.5 and ωp0/ω ≈ 0.24. These
parameters are above the threshold according to Fig. 11.
In the upper panel, the electron has no initial out-of-
plane displacement, so its trajectory remains flat. How-
ever, an initial displacement of ∆z = 0.2λ in the lower
panel provides a necessary seed for the instability to de-
velop significant out-of-plane oscillations. As a result, a
non-planar electron trajectory quickly develops, accom-
panying the energy enhancement.
VI. SUMMARY AND DISCUSSION
We have examined a regime in which a laser pulse
with relativistic intensity irradiates a sub-critical plasma
over a time period much longer than the characteristic
electron response time. It is shown that a steady-state
channel is formed in the plasma in this case with quasi-
static transverse and longitudinal electric fields. These
fields, even though they are much smaller than the elec-
tric field in the laser pulse, profoundly alter the electron
dynamics. The longitudinal electric field reduces the lon-
gitudinal dephasing between the electron and the wave.
This allows the electron to gain significantly more energy
from the wave. The energy gain in this regime is ulti-
mately limited by the superluminosity of the wave fronts
induced by the plasma in the channel, even though the
relativistic transparency greatly reduces the role of the
plasma. The transverse electric field alters the oscilla-
tions of the transverse electron velocity. As a result, it
can remain anti-parallel to the laser electric field, which
leads to significant energy gain by the electron from the
wave. We showed that this process has a sharp threshold
determined by a single parameter, a0ωp0/ω. The thresh-
old can be greatly reduced and the energy gain further
enhanced by appropriately injecting electrons into the
laser pulse. The threshold for the energy enhancement
matches the threshold for the onset of the parametric in-
stability in the direction perpendicular to the plane of the
driven electron oscillation. Therefore, the trajectories of
electrons with enhanced energies eventually become non-
planar if the interaction time and length with the pulse
are sufficient for the instability to develop.
The effect of the longitudinal electric field is akin to
pre-acceleration of electrons in the longitudinal direction.
Analysis of pre-accelerated electrons in a channel21 has
showed that pre-acceleration reduces the energy enhance-
ment threshold and increases the electron energy gain.
This indicates that the transverse and longitudinal elec-
tric fields can synergistically enhance the electron energy
gain. Further in-depth research is required to determine
the energy scalings and the key parameters that deter-
mine the electron dynamics.
Finally, it should be pointed out that even though the
presented analysis was motivated by laser-plasma inter-
actions at significantly sub-critical plasma densities, most
of the results are much more general and they are not
limited just to the regime where ωpe  ω. Therefore,
the analysis is well suited to make meaningful predic-
tions regarding electron acceleration in near-critical and
over-critical plasmas, provided that such plasmas are rel-
ativistically transparent to the incoming high-intensity
laser pulse28,29. However, wave propagation becomes a
crucial aspect in this case and it should be addressed self-
consistently30 taking into account transverse laser pulse
dimensions and its polarization31,32.
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Appendix A: 2D PIC simulation parameters
The snapshots shown in Figs. 1 and 6 are from two-
dimensional particle-in-cell simulations performed using
an open-source code EPOCH26. In both simulations, the
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initial electron density profile is given by
ne =
{
n0 exp[−(x− x0)2/L2], for x < x0;
n0, for x ≥ x0, (A1)
where x0 = 5 µm and L = 6 µm. In Fig. 1, we set
n0 = 0.01nc, whereas, in Fig. 6, we set n0 = 0.05nc. The
electron population is initialized using 10 macro-particles
per cell. The ion density is initially equal to the electron
density and the ion density profile is initialized using 4
macro-particles per cell. The electrons are initially cold,
whereas the ions are immobile throughout the simula-
tion. The size of the domain in the simulation shown in
Fig. 1 is 180 µm (12000 cells) along the x-axis and 60
µm (1200 cells) along the y-axis. The size of the domain
in the simulation shown in Fig. 6 is 140 µm (9500 cells)
along the x-axis and 60 µm (1200 cells) along the y-axis.
The longitudinal resolution is chosen in agreement with
the criterion outlined in Ref. [27] in order to correctly
compute the electron energy gain.
We use a laser pulse whose focal plane in the absence
of plasma is located at x = 0 µm. The laser fields have
a Gaussian profile along the y-axis, with the electric and
magnetic fields in the focal plane given by
Ewave/E0 = Bwave/B0 = S(t) exp
(− y2/w20) , (A2)
where w0 = 8.5 µm and the temporal profile is
S(t) =
{
exp[−(t− t0)2/T 2], for t < t0;
1, for t ≥ t0, (A3)
with t0 = 182.4 fs and T = 85 fs. In both simulations,
the laser wavelength is 1 µm and the peak laser intensity
at x = y = 0 µm is I = 1020 W/cm2, which corresponds
to a0 = 8.5. The normalizing amplitudes E0 and B0 are
maximum electric and magnetic fields in a plane wave
with a0 = 8.5. In the simulation shown in Fig. 1, the
laser electric field has x and y components, whereas the
laser magnetic field has only a z-component. In the sim-
ulation shown in Fig. 6, the laser electric field has only a
z-component, whereas the laser magnetic field has x and
y components.
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